/). EMHN HATPOR

AAyopi10uIkEG MEBoOOI
BeATioTotroinong pe Epgpaon oe
Katavepunuéva NMpoBAnuara
AAyOp1Buol Eyyutarng KAiong
(Proximal Gradient Algorithms)

AnunTtpng AUTTEAIWTNG

Etrikoupog KaBnyntig, 16vio MNMavemmoThuio



-/ ). ZMHN LTATPON

[leplexopeva

To TTPOBANUA TS KUPTAC IKavoTToINoINOTNTAC (convex feasibility problem)

BeATioTOTTOINON KUPTWY OUVOPTACEWYV UE KUPTOUGC TTEPIOPICHUOUC — O
aAyopI0uog projected gradient

BeATioTOTTOINON KUPTWYV UN-OUOAWY CUVAPTHOEWV
« [evikeuon TNG TTPOPOANRC — TEAEOTNC £yyUTNTAG
* O aAyopiBuocg eyyuTaTtng KAiong
* O aAyopIBuog eyyuTaTng KAioONG HE ETTITAXUVON

2.UVNBEIC OpOI KAVOVIKOTTOINONG Kal Ol avTioTOIXOl TEAEOTEC £yyUTNTOG

Epappoyeg
« Apair} avatrapdoTtaon onuatwy (ISTA, FISTA)
2UUTTAApWON TTivaka XapnAng 1agng (SVT)
Alaxwplonog uttodBpou atrd TTpooknvio o€ Bivreo (Robust PCA)
Meiwon BopuBou pe diatripnon akpwyv (TV-Denoising)
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/). EMHN HVTROR

To lNpoRAnua Tng Kuptng
IKavoTToINCINOTNTAG

(Convex Feasibility Problem)
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-/ . ZMHN I EFEAR

Convex Feasibility Problem

* To TPOPBANUA TNC KUPTAG IKAVOTTOINCINOTNTAC CUVIOTATAI OTNV EUPEDN
(UTTOAOYIONO) EVOC ONUEIOU p TO OTTOIO BPICKETAI OTNV TOUN EVOC OUVOAOU

aT1TO KUPTA OUVOAQ N
peE]= ﬂ Cn
n=1

C1 Co

To TTPOLBANUA AUTO TO CUVAVTAUE O€ TTPORBANUATA IKAVOTTOINONG TTOAAQTTAWY
TTEPIOPICHWY / CUYXWVEUONC YVWONG K.ATT.
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-/ ). ZMHN LTATPON

Convex Feasibility Problem

« Opiloupe TOV TEAEOTH) TIPOROANC EVOC onueiou x € R? 010 cUvoAo C w¢ TO
ONMEIO EKEIVO TTOU AVNKElI OTO C KAl £XEI EAAXIOTN ATTOOTAOCN ATIO TO
onueio x, dnAadn

e (x) = argmin(|lx — ylI*)

* 'Evac eupE€wc yvwaoTocg aAyopiBuocg Tou uttoAoyilel Eva onueio otV TouN
N KA€IOTWYV, CUPTIAYWYV KAl KUPTWYV OCUVOAWYV, UTTOBETOVTAG TTWG N TOJN)
auTtn gV gival Kevr, €ival o akyopiBuog Projection Onto Convex Sets
(POCS), o otroiog 1TpofaAel diadoxIKA TTAvw OoTa oUVOAa C,

x? € R4
FORk=0TO 4
i—kMODN

k+1 +1(xk)
END
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Convex Feasibility Problem
 POCS: lNapaderyua pe dUo oUvoAa
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-/ ). EMHN IHPOR
Convex Feasibility Problem

* TNa éva (KupTtd) ouvolo C c RY opiloupe pia deikTpia ouvapTnon
(indicator function) Tnv otroia opifoudE WG

0, avx €EC

6e(x) =
+ 00, OLXPOPETIKT

* ‘ET01, pia evaAAQKTIK) Jop®r] Yia TO TTPORANMA TNG KUPTAGS
IKQVOTTOINCIUOTATAG €ival N akoAouon
p € argirelﬁ%rcll (5@1 (x) + 6e,(x) + -+ + SCN(x))

[TapaTnpoUPe EUKOAQ TTWG TA ONUEIQ TTOU AVKOUV OTNV TOMN TWV KUPTWV
OUVOAWV €ival Ta pova TTou divouv TINR 0 oTn ouvapTnon KOOTOUG, EVW OAQ
TQ ONUEIQ EKTOC TNG TOUNG OivVOUV TIUN ATTEIPO
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/). EMHN HATPOR

EAayxioTotroinon Kuptng
2uvaptnong pe Kupto lMNeplopiocuo

(AAyoplBpoc Projected Gradient)
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-/ ). ZMHN LTATPON

Convex Constrained Optimization
* Ac¢ Bewpnrjooupue 10 TTPORANUA BEATIOTOTTOINONG

X" € arg rileig(f(x))

6mou € c R? éva KUpTO, CUUTTAYEC KAl KAEIOTO GUVOAO KaI Il ouvapTnOon
f(x) gival yia KUpTr) ouvapTnon, TTapaywyiciyn (TouAdxioTov) Jia popd o€
OAa Ta onueia Tou guvoAlou C

e [1a 1O TTPOPBANMA AUTO, EVAG EUPEWG YVWOTOC AAYOPIOUOG
BeATioTOTTOINONG €ival 0 Aeyouevog Projected Gradient AAyopiBuog

xYecC
FORk=0TO 4

xk =11, (xk — ny(xk))
END
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Wi/ IANEIIETHMIO

s TTATPON
PN

Convex Constrained Optimization

* [Mapadeiyua
* APXIKQ KIVOUPAOTE TTPOC TNV KATEUOUVON PEiwoNG TG ouvaApTNONG KOOTOUG

* Av Byouue atrd 10 GUVOAO C, ETTIOTPEPOUUE OTO TTANCIECTEPO ONUEIO EVTOC
TOU OUVOAOU auTou

X —yVf(x*) e

2/3/2023 AATOPIOMIKES ME@OAOI BEATISTOMNOIHEHE ME EM®MASH SE KATANEMHMENA MPOBAHMATA 10



-/ ). EMHN HATPON
Convex Constrained Optimization
e XPNOIUOTTOIWVTAC TOV OPICHO Yia TN OEIKTPIa ouvapTNON £€VOG GUVOAOU,
TTOU €idape OTA TTPONYOUMEVA, €ival dUVATOV VO EKPPACOUNE TO

TTPORANUA TTOU £CETACOUME €O0W O€ MIA EVAAAQKTIKI MOP®PI WG £CNG

X" € arg Hel[ichli(f(X) + 5@(x))

[MapaTnpoupe TTWCE N elcaywyn TS OEiKTpIag ouvaptTnong de(x) 0Tn
ouvapTnon KOOTOUG TNV KAVEI va €XEI TIUN ATTEIPO O€ OAQ Ta anuEia TTou dev
QVAKOUV OTO OUVOAO TTEPIOPIOUOU C
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-/ ). EMHN PR

BeATioTOTTOINON ZUVOBETNG
2uvapTNOoNG

(pe mopaywyloln Ko pn-mapaywylolpn cuviotwoa)
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/). EMHN BEEAR

Composite Convex Optimization

* EvOlagpepOpaoTe TWPA VO EAAXIOTOTTOINCOUNE CUVAPTAOEIC KOOTOUC TTOU

£XOUV TN HOPPN
F(x) = f(x) +gx)

O1TOU N cuvapTnon f(x) €ival KUPTA Kal TTapaywyiciun, Evw n ouvaptnon
g(x) €ival KupTr) aAAG pn-Trapaywyioiun

e 2TA TTPONYOUUEVA, €idAUE TTWG OTAV EM@avVICOTAV Pia OEIKTPIO ouvapTnNOoN
de(x) WS 6POC TNS CUVAPTNONS KOOTOUG, N OTToia OEV UTTOPEI va
TTAPAYWYIOTEI, 0 TEAEOTAG TTPOPOANRG XpNOIJoTToIoUTAV YIa VA
«ENAXIOTOTTOINOOUME» TOV OPO AUTO

* [1a ouvaptAoEIG g(x) TTOU OEV Eival TTAPAYWYITIUES, OIAPOPETIKES YEVIKA
aT1TO TIG OEIKTPIEC OUVAPTNOEIC TTOU OPICAUE, UTTOPOUME VA OPICOUME MIa
YEVIKEUON TOU TEAEDTH TTPOLBOANC, TOV OTT0I0 B OVOUACOUNE TEAEOTH
gyyuTtaTtou onpueiou (proximal operator)

* Oa douue aAyopiBuoug BEATIOTOTTOINONG, TTOU YEVIKEUOUV QUTOUG TTOU
gidaue oTa TTPpOoNyouuEVa (aUTOi TTOU €idANE ATTOTEAOUV ECEIDIKEUTEIQ)
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-/ ). EMHN HAPOR
Composite Convex Optimization

["evikeuon Tou TeAeoTA TTPOBOANC — proximal operator

* O 1eNEOTNC TTPOROANC UTTOPEI VO OPIOTEI WC N AUON £VOC TTPOLBANUATOC
BeATIOTOTTOINONG TNG HOP®PNG

1
le(x) = arg}r”rslgcli (56(}’) +3 lx — J’||2>

« Kar’ avaloyia, yia pia (kuptr) ouvaptnon g(x) opifoupe Tov TEAEOTN

gyyutatou onueiou (Proximal Operator) yéow evog TTPORARMATOG

BeATIOTOTTOINONG TNG HOP®PNG

_ 1
proxg(x) = arg min (g(y) +ollx - yII2>

Omwc¢ n TPooAr evoc dOCUEVOU ONUEIoOU O€ €va CUPTIAYEC KUPTO GUVOAO

gival yovadikn, £€TO1 KAl TO EYYyUTATO ONMEIO EVOC OOOHEVOU ONMEIOU WG
TTPOG HIa (01 atrapaiTnTa I0XUPA) KUPTH ouvApTnon €ival yovadiko
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-/ ). EMHN HAPOR
Composite Convex Optimization

 |1816TNTEC TOU Proximal Operator (XpnoihoTToIouvTal OTIC ATTOOEICEIC
oUyYKAIONG)

* Property 1: Inclusion
p = prox,(x) © x —p € ¥g(p)
* Property 2: Non-expansiveness
2
[proxy () = prox, | + || (x = prox, ) = (¥ = prox, )| < llx =2

* Property 3: To ouvoAo otaBepwyv onueiwv (fixed points set) Tou TEAEOTH
TauTileTal e To oUVOAO eAaxioToTToINTWV (Minimizers) Tng ouvapTnong g(x)
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./ ). SMHN HETEOR

Composite Convex Optimization

« Kart’ avaAoyia pe Tov aAyopiBuo Projected Gradient Descend

xYeC
FORk=0TO 4+

xkt =11, (x" — ny(xk))
END

» 'Exoupe Tov aAyopiBuo Proximal Gradient Descend

x® e R%,y € (0,2L; "]
FORk=0TO 4+

x**1 = prox,, (xk — ny(xk))
END
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./ ). EMHN

Composite Convex Optimization

- NMAPAAEIITMA

f+ag

2

q

o

L1
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-/ ). EMHN HBOR

Composite Convex Optimization

Accelerated Proximal Gradient A\y6p1Buog

« Kart’ avaAoyia pe Ttov Accelerated Gradient Descend, 0T1Tou £xel
eQappoaTei N HEBODOC emmiTAXUVONG Tou Nesterov, UTTOPOUNE va
EQAPUOCOUNE Kal €DW) IO TTAPOMOIO TEXVIKI KAl VO KATAANEOUME O€ Evav
aAyOpIOuO 0 OTT0IOG €ival YVWOTOG e To Ovoua Fast Proximal Gradient
Algorithm

Algorithm 2 Fast proximal gradient algorithm (FPG) [12]

1: Set v =x"1 e R™, v € (0, L-?], and 0y = 1

2. for k=0, l....do

s xk = prow,(vF VA (vh)

o O = (1 V145

5. VRTL=xF 4 (0, — )0, (xF —x*1)
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/). EMHN HATPOR

2uvnBeic Opol KavovikoTtroinong

(koL oL avtiotoL ol TEAECTEC eyyUTNTOC)
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/Z/Z zM HN ANELIETHMIO

ITATPON
2.uvnBeic Opol KavovikoTroinong
q prox., Properties
|x|lo x; if |x;| > /27, 0 elsewhere nonconvex, separable
||x||1 Pi(x—7) — Pyr(—x —7) convex, separable
|| x| max{0, 1 — ~/||x]|| }x convex
|1 X ]|+ U diag (P4 (o — 7)) VH convex
%”AX — b||? (APA + 4~ '1d)" " (APb 4+ 4 %) convex
S I
{x|||x]lo < m} PmxX nonconvex
{x||x]| <7} r/||x||x if ||x|| > 7, x otherwise convex
(x|l <x<u} min{u, max{l,z;}} Vi=1,...,n convex, separable
{X | rank(X) < m} U diag(Pmo)VH nonconvex
{x|Ax = b} x + AH(AA") " 1(b - Ax) convex

Table 1: Table showing the proximal operators of a selection of functions g and indicator func-
tion d o with sets .. Here given a n long vector x, Py x returns [max{0, z1}, ..., max{0, zn }|T
while P, x returns a copy of x with all elements set to 0 except for the m largest in modulus.
The matrices U and V are the result of a X = Udiag(e)VH where o is the vector

containing the singular values of X. See [47, Sec. 6.9] for a more exhaustive list of proximal
operators.
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[TANEITIXTHMIO

ITATPON

UNIVERSITY OF PATRAS

Iw rrpara Enefepyacial NANPOQopias

& Mnyavirh Nonuoouvn

E@apuoyEg
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VL IMEN HEEAR
Epapuoyég: Apaid Inverse NMpoBAruara

Example 1 Sparse Deconvolution

L I I T T
4 .
—_— pround truth Kge; —— x=*, A =10 J-I x",A=0
o - ]
0 | . | | I i [N
2
| | | | |
[1] 5.10—2 0.1 015 0.2 0.25 0.3 .35 .4 045 0.5

Time (g)

Deconvolution seeks Lo recover the inpul signal x* [rom the available oulput
signal y of a [CT] system. A [FTR] h can be used to model the [CTT) system in
lerms of convolution. In a single-channel case with low SNR, deconvolulion can
easily become an ill-posed problem (A = 0) and regularization must be added in
order Lo achieve meaninglul resulis. I x* is assumed Lo be sparse, a sparsily-
inducing regularization function can be included in the optimization problem

(LASSO)-
; 2
x" = argmin %"h *x — ¥ + Al
x —_—— (1)
Fi=x) a(x)
where * indicates convolution and A is a scalar that balances the weight between

the regularization function and the data fidelity function.

Structuredlptimization code snippet:

Fs = 4000 # sampling frequency
x = Variable(div(Fs ,2)) # ‘l1ls*' short-hand

# for ‘0.5*norm(...)"2°¢
@minimize ls(conv(x,h)-y)+lambda*norm(x,1)

2/3/2023 AATOPIOMIKES ME@OAOI BEATISTOMNOIHEHE ME EM®MASH SE KATANEMHMENA MPOBAHMATA 22



./ ). SMHN

Apaid Inverse lNpoAnuata (ISTA/FISTA)

w22 _[son(w|-2)  wi=2
N R < 2
(a) Hard thresholding (b) Soft thresholding
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A/ L EMHN

Alaxwpliouog YtroBaBpou / Npooknviou

2/3/2023

Example 4 Video background removal

Frames

Foreground

Buackground

The frames of & video can be viewed as a superpasition of a moving foreground
to a steady background. Splitting the background form the foreground can be
a diflicult task due to the continuous changes happening in different areas of
the frames, The following oplimization problem can be posed Lo deal with such
Lask:

L 1 : StructuredOptimization :
minimize =||L +8 — Y||” + Aljvec(S)|}s

LS 2 @minimize ls(L+S-Y)+
rank(L) < 1. lambdasnorm(S,1)
st rank(L) <= 1

Here Y € R™™*! consists of a matrix in which the I-th column contains the pixel
values of the vectorized [-th frame with dimensions n X m. The optimization
problem, also known as mlmst.[@ decompaoses Y into a sparse matrix S,

subject Lo

representing the foreground changes and a rank | matrix L consisting of the

constant background, whose columns are linearly dependent.

AATOPIOMIKEZ MEOOAOI BEATIZTONOIHZHX ME EM®AZH XE KATANEMHMENA NMPOBAHMATA

ITANEITIZTHMIO
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VW DANEIETHMIO

Epappoyec: 2uutrAnpwon lNivaka

* The Netflix problem

o | | E /
nxm ~ nxk kxm
4 | 3 N 5

g8 11 H =
% 4 5| 3|4 =§ -

- ol

a 2 | 4 5 a
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/L EMHN HATPOR
Epappoyec: 2upytrAnpwon lMNivaka (SVT)
» Opiloupe

C={XeR""st. X(i,j)=M(i,j) V(i j) €}
N EVOAAQKTIKG

C={X e R™*" 54,

X(i,7) - M(i,7)| <e ¥(i,j) €

» Kal Auvoupue 10 TTPOLBANMG

(F2) min 7| X

1 ,
e - }: I
+ 5 1X113

XEl
g prox.,
[BSIE x; if |x;] > /27, 0 elsewhere
1|1 Py(x=7) = Pr(=x—7)
| maxc{0, 1/ |x[}x
Xl U diag (P4 (o — 7)) V"
5[Ax — b]? (AHA +~71d) "1 (AP + 77 1x)
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TTANEIIZTHMIO

I[TATPON

UNIVERSITY OF PATRAS

Mnyav uooUVr

Meiwon Bopuou ue dlatnpnon aKuwyv

\

(Example 5 Total variation de-noising

ground truth Xg, noisy Y denoised X*

StructuredOptimization

V = Variation(size(Y)); U = Variable(size(V,1)...)
@minimize 1s(-V’*U+Y) + conj(lambda*norm(U,2,1,2))
X = Y-V’*(~U)

Total variation de-noising seeks Lo remove noise from a noisy image whose pixels
are stored in the matrix Y € R™*™. This technique relies on the assumption
that neighbor pixels of the sought uncorrupted image X* should be similar,

namely that \/ |ty — =2 + =, — =i ,]? should be small, where = ; is the
(%, 7)-th component. of X*. This enforces the image to have sharp edges, namely
a sparse gradient. The following optimization problem can be formulated:

() minimize %ux — Y[ + AIVX[l2,1 (b) minimize %u VU4 Y| +4¢°(U)

Here the operator V € Z(R™*™, R"™*?) maps X into a matrix having in its j-th
column the vectorized forward finite difference gradient over the j-th direction.
The operator V appears in the nonsmooth part of the cost function g(-) = Al|-||2.1
and leads to a non-trivial proximal operator. Here the mixed norm [|-||2,; consists
of the sum of the [2-norm of the rows of VX, Using Fenchel’s duality theorem it
is possible to convert the problem into (b) which can instead be solved efficiency
using proximal gradient algorithms., }

&
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